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N



r
i 2 {1, 2, ..., N}

0

p

Xi (r) : [0, p] ! R
r i Xi(r) > 0 Xi(r) < 0

X�i (r) =
P

j 6=i Xj (r)
� (r) r

Xi(0) � (0)

V i =

ˆ p

0

� (r) · dXi (r) .

Qi(p) Q�i (p) :=
P

j 6=i Qj (p)
i

Si(p) := Qi(p)�Xi (p) S�i (p) =
P

j 6=i Sj (p)
Qi(p) Xi(p) (0, p)

p
D(p, ")

p "

D(p, ") = D(p) + ".

D00
(p)  0 D0

(0) < 0

D (0) = 0

f(")
F (") [0, "]
f(") f(") > 0



"
P (") "

p

P (") : " 7! p :

N
X

i=1

Qi (p) = D(p) + ".

P (") ·Qi (P (")) .

" Vi(P (")) i

Vi(P (")) =

ˆ P (")

0

(P (")� r) dXi (r) =

ˆ P (")

0

Xi(r)dr.

Xi(r)
dVi(p)

dp
= Xi(p).

i Ci(·)

i
"

Ci(Qi(P ("))).

i

p q
i

⇡i(p, q) = V i + pq � Vi(p)� Ci(q).

P (")�r r

⇡i (p, q) = V i +

ˆ p

0
rdXi(r)

| {z }

+ p (q �X (p))
| {z }

� Ci (q)

= V i +

ˆ p

0
(r � p) dXi(r) + pq � Ci (q)

= V i � Vi + pq � Ci (q) .



i

⇧i = E" [⇡i (P (") , Qi (P (")))]

= V i + E"

"

P (") ·Qi (P ("))� Vi(P ("))� Ci(Qi (P (")))

#

.

r

8r : � (r) = E" [max (P (")� r, 0)] .

i
Qi(p)

Q�i(p)
i

 i(p, q)
q p i

 i(p, q) = F (Q�i (p) + q �D (p)
| {z }

"

).

i Qi(p)

max

Qi(p)

ˆ
Qi(p)

⇡i(p, q)d i(p, q).



i p q



Qi(p)
i 8(q, p)

q = Qi(p) p 2 (0, p)

@⇡i

@q
· @ i

@p
� @⇡i

@p
· @ i

@q
= 0.

max

Q(p)

ˆ p

0

⇡i(p,Q(p)) ·


@ i

@q
(p,Q(p)) ·Q0

(p) +
@ i

@p
(p,Q(p))

�

| {z }

L(p,Q(p),Q0(p))

dp

@L
@Q

� d
dp
(

@L
@Q0 ) = 0

L

@L

@Q
= Q0



@⇡i

@q

@ i

@q
+ ⇡i

@2 i

@q2

�

+



@⇡i

@q

@ i

@p
+ ⇡i

@2 i

@q@p

�

d

dp

✓

@L

@S 0

◆

= Q0


@⇡i

@q

@ i

@q
+ ⇡i

@2 i

@q2

�

+



@⇡i

@p

@ i

@q
+ ⇡i

@2 i

@q@p

�

8i, 8p 2 (0, p) : Si (p) + [p� C 0
i (Qi(p))]

⇥

D0
(p)�Q0

�i (p)
⇤

= 0.

 i

⇡i

@ i

@q
= f(Q�i (p) + q �D (p))

@ i

@p
=

⇥

Q0
�i(p)�D0

(p)
⇤

· @ i

@q
@⇡i

@q
= p� C 0

i(q)

@⇡i

@p
= q �Xi(p)



i  i

Si (p)

p� C 0
i (Qi)

p
=

�Si/p

D0
(p)�Q0

�i (p)
= � 1

"
.

Š =

�

ˇSi(p)
 N

i=1



PN
j=1

ˇQ0
j(p) > D0

(p) (0, p)

i
8q � 0 8p 2 (0, p)

h

D0
(p)�

PN
j 6=i

ˇQ0
j(p)

i

C 00
i (q)  1

Š

i {Xi (p)}Ni=1
ˇQ�i(p)

ˇQi(p) i

D⇤
i (p) = D (p) + "⇤ �

PN
j 6=i

ˇQj(p)
i "⇤ "⇤ p⇤

ˇQi(p⇤) = D⇤
i (p

⇤
) i

p⇤ D⇤
i (p)

"⇤ ˇQi(p⇤) i
i

D⇤
i (p)

d⇡i(p,D
⇤
i (p))

dp
=

@⇡i
@p

+D⇤0
i

@⇡i
@q

= [D⇤
i (p)�Xi(p)] +D⇤0

i [p� C 0
i(D

⇤
i (p))] .

d⇡i(p,D
⇤
i (p))

dp
=

⇥

D⇤
i (p)� ˇQi(p)

⇤

�D⇤0
i (p)

⇥

C 0
i(D

⇤
i (p))� C 0

i(
ˇQi(p))

⇤

.

⇠ 2 [D⇤
i (p) , ˇQi(p)]

C0
i(D

⇤
i (p) )�C0

i(Q̌i(p))= C 00
i (⇠)

⇥

D⇤
i (p)� ˇQi(p)

⇤

d⇡i (p,D⇤
i (p))

dp
=

⇥

D⇤
i (p)� ˇQi(p)

⇤

(1�D⇤0
i (p)C 00

i (⇠))

D⇤0
i (p)·C 00

i (⇠)  1

p⇤

p = p⇤ ˇQ0
i(p) > D⇤0

i (p)



p p⇤ p⇤

d⇡i (p,D⇤
i (p))

dp

8

>

<

>

:

 0 p > p⇤

= 0 p = p⇤

� 0 p < p⇤

p⇤

" i

i

V i =

ˆ p

0

� (r) · dXi (r)

=

ˆ p

0

E" [max (P (")� r, 0)] · dXi (r)

= E" [Vi(P ("))] .

⇧i = E" [⇡i (")] = E" [P (") ·Qi(P ("))� Ci(Qi(P (")))] .

i
Xi

P (")

X= {Xi (p)}Ni=1

X
⌅ i {Xi (p) , Qi(p,X)}

{X,Q(X)}



Q(X) = {Qi(p,X)}Ni=1

X
{X0,Q0} X0

=

{Xi (p)}Ni=1 Q0
= {Qi(p)}Ni=1

SFE(X) X
FOC (X) Q(X) X

SFE(X) ✓ FOC (X)

{X⇤,Q⇤
(X)}

(i) 8i, 8Xi ⇧i(Q⇤
(X⇤

),X⇤
) � ⇧i(Q⇤

({Xi,X⇤
�i}), {Xi,X⇤

�i})
(ii) 8X 2 ⌅ Q⇤

(X) 2 SFE(X).

X⇤
�i

Q⇤
(X) Q⇤

(X)

Q⇤ 2 SFE(X)

X Q 2 SFE(X)

⇧i(Q,X)�⇧i(Q⇤,X) �
j ⇡j(Q,X)� ⇡j(Q⇤,X) > 0

SFEPO(X) X

{X⇤,
Q⇤

(X)}

8X 2 ⌅ Q⇤
(X) 2 SFEPO(X).

SFE(X) SFEPO(X)



" Q⇤ 2 SFE(X)

X ✏� Q 2 SFE(X)

⇧i(Q,X) � ⇧i(Q⇤,X) � 0

j ✏ ⇡j(Q,X)� ⇡j(Q⇤,X) > ✏

✏ � 0 SFE✏�PO(X) ✏
X SFEPO(X) ✓ SFE✏�PO(X) ✓ SFE(X)

" ✏ � 0

{X⇤,Q⇤
(X)} ✏�

✏

8X 2 ⌅ Q⇤
(X) 2 SFE✏�PO(X)

Q⇤
(X⇤

) 2 SFEPO(X⇤
)

✏

✏

{X⇤,Q⇤}
i i

(i) 8Xi, 8Q 2 FOC({Xi,X
⇤
�i}) ⇧i(Q

⇤,X⇤
) � ⇧i(Q, {Xi,X

⇤
�i}).

i

{X⇤,Q⇤}
8i {X⇤,Q⇤} i {X⇤,Q⇤}

Q⇤ 2 SFE(X⇤
)

✏

8X : SFE(X) 6= ;

{X⇤,Q⇤} ✏
✏



Q⇤
(X⇤

) 2SFEPO(X⇤
)

Q̃ 2 SFE(X⇤
)

8i, ⇧i(Q̃,X⇤
) � ⇧i(Q

⇤,X⇤
)

⇧1(Q̃,X⇤
) > ⇧1(Q⇤,X⇤

)

⇧1(Q
⇤,X⇤

) � ⇧1(Q,X⇤
) 8Q 2 FOC(X⇤}.

Q̃ 2 FOC(X⇤
)

⇧1(Q
⇤,X⇤

) � ⇧1(Q̃,X⇤
),

X ✏ > 0

✏� 8X, 8✏ > 0, SFE✏�PO(X) 6= ;
⇧I(Q,X) ⌘

P

i ⇧i(Q,X) ⇧I(Q,X)

⇧

M
⇧I(Q,X)  ⇧

M

⇧

sup
(X)

X 8Q 2 SFE(X), ⇧(Q,X)  ⇧

sup
(X)

8✏ > 0 Q✏ 2 SFE(X)

⇧I(Q✏,X) � ⇧

sup
(X) � ✏

⇧

sup
(X)

X Q✏ ✏
Q̃ 2 SFE(X)

i ✏ ⇧i(Q̃,X) � ⇧i(Q✏,X) > ✏
j 6= i ⇧j(Q̃,X)�⇧j(Q✏,X) � 0

⇧I(Q̃,X) > ⇧I(Q✏,X) + ✏ � ⇧

sup
(X)

⇧

sup
(X)

✏
Q̃✏(X) 2 SFE"�PO(X)

Q⇤ X⇤ Q̃✏(X⇤
) = Q⇤

n

X⇤, Q̃✏(X)

o

✏

X⇤

Q̃✏(X) 2 FOC(X)

i Xi (p) 6= X⇤
i (p)

⇧i(Q⇤,X⇤
) < ⇧i(Q̃✏({Xi,X⇤

�i}), {Xi,X⇤
�i})

{X⇤, Q̃✏(X)} ✏



H(x) := N(N � 1)

1� F (x)

f(x)

N(N � 1)

H(x)

Ci(Qi) ⌘ 0 8i

H 0
(") < 1 8" 2

(0, ")

k

k
pQk(p) k

k max

ˆ p

0

p ·Qk(p) · f (" (p)) · u(p) dp
| {z }

d"

.

s.t.

8

<

:

8i 2 {1, . . . , N} :

P

j 6=i Q
0
j(p) = D0

(p) + Qi(p)�Xi(p)
p

"0 = u(p)
D (p) + "(p) =

P

i Qi (p)

Si (p) Qi(p)�Xi(p)

k k = 1...N

H(" (p)) = (pD (p))0 + " (p) + (N � 1)

2p"0 (p)

NQ(p) = D (p) + " (p)

NX(p) = (pD (p))0 + " (p)� (N � 1)p"0 (p)

H 0(")  0



" (p) 2 [", "]

k = 1 X1(p)
i = 1

X1(p)

(N � 1)

i 6= 1

F (") = 1 " (p) = "

max

ˆ p

0

(pQ1)
0
[1� F (")] dp.

s.t. (N � 1)pQ0
1 + (N � 2)pQ0

�1 = (N � 1)pD0
+Q�1 �X�1

Q�1 +Q1 = D + ",

�i

i
@
@p

(pQ1(p)) p 1 � F ("(p))
p

N � 1

(N � 1)(pQ1)
0
= (N � 1) (pD)

0 �X�1 + (N � 1)"� (N � 2)(pQ�1)
0.

(pQ�1)
0

(pQ1)
0

(pQ�1)
0
= (pD)

0
+ (p")0 � (pQ1)

0,

(pQ1)
0

(pQ1)
0
= (pD)

0 �X�1 + "� (N � 2) · p · "0.

max

ˆ p

0

{(pD)

0 �X�1
| {z }

h1(p)

+ "� (N � 2) · p · "0} [1� F (")] dp.

max

ˆ p

0

{h1(p) + "} [1� F (")] dp � (N � 2)

ˆ p

0

p · (G(")�G ("))0dp,



G(") =
´ "
0 (1� F (t))dt (G ("))0 " (p) = "

max

ˆ p

0

{[h1(p) + "] [1� F (")] + (N � 2) (G(")�G ("))}
| {z }

✓(p,")

dp.

" (p) p
✓ (p, ") p.

@✓ (p, ")

@"
= (N � 1) (1� F (" (p)))� (h1(p) + " (p)) f (" (p))

= f (" (p)) ·


(N � 1) (1� F (" (p)))

f (" (p))
� (h1(p) + " (p))

�

.

[1� F (")] (N � 1)

f(")
� [h1(p) + "] = 0.

e" (p)
X�1 (p)

@✓(p,")
@"

(N�1)(1�F ("(p)))
f("(p)) � (h1 (p) + " (p))

H 0
(") < 1

d
d"

⇣

1�F (")
f(")

⌘

< 1
N(N�1)

p

(1� F (")) (N � 1)

f (")
� (h1 (p) + ")

 0 " > e" (p)
= 0 " = e" (p)
� 0 " < e" (p) .

e" (p) ✓

"(p)
h1(p)

[1� F (")] (N � 1)

f(")
� [(pD)

0 �X�1 + "] = 0.

" = Q�1 (p) +Q1 (p)�D (p) = NQ�D,

NX = NXi = N(p ·D)

0
+N"�N(N � 1)(pQ)

0

= N(p ·D)

0
+N"� (N � 1)(p ("+D))

0,

✏



"0(0) > 0

p = 0

(N � 1)

2"0(0) = lim

p!0

H("(p))� "(p)�D(p)

p
�D0

(0)

"0(0)

"0(0)
�

1�H 02�
= �2D0

(0).

D0
(0) < 0 "0(p) > 0

"0(p) = 0

p > 0 "00(p) > 0

p

H 0
(")"0 = (N � 1)

2
("0 + p"00) + "0 + (pD)

00

"0 = 0

(N � 1)

2p"00 = �(pD)

00

pD
"00(p) > 0

"0 = 0

"0(p) > 0

"0(p) > 0 p > 0 p0
0 "0(p) = 0

"0 (p) > 0 p 2 [0, p0) "0 (p0) = 0 "00 (p0)  0

"0(p0) = 0

"00(p0) > 0 "0 (p) > 0 p 2 [0, p]

Q (p)

{X (p) , Q (p)}

✏ ✏ > 0

✏



D1 = �D0
(0) > 0

D (p)  �D1p.

D (p)
�D1p

p =

"
2D1

⇡M
(") =

"2

4D1

⇧

M
=

´ "
0 ⇡

M
(")f(")d" = 1

4D1

´ "
0 "

2f(")d".

"

p = 0

p = 0

Q1 = D + "
| {z }

�X�1
|{z}

� S�1
|{z}

Q1 = D + "
| {z }

�X�1
|{z}

� (N � 1) |D0| p
| {z }

� (N � 1)Q0
1 p

| {z }

� (N � 2)Q0
�1 p

| {z }

|D0| N � 1

Q0
1

1

(N�2)

1

8i, Q0
i = 0

Q0
�1 =

P

j 6=1 Q
0
j N � 1

i



N = 2

Q0
1 > 0

p = 0

✏
✏ > 0

D(p) = �D1p
D1 > 0

f (") = �1/↵
(↵"+ �)�1/↵�1 " > 0 � > 0 ↵ 2 (�1, 1

N(N�1)).

↵ = 0

↵ = �1

N � 1

j Qj + pD0 = 0
Qj = |D0| p (N � 1) |D0| p



"(p) = N
�(N � 1)

1� ↵(N � 1)N
+

2

1� ↵ (N � 1)N + (N � 1)

2
D1p

Q(p) =
� (N � 1)

1� ↵ (N � 1)N
+

↵ (N � 1)� (N � 2)

1� ↵ (N � 1)N + (N � 1)

2
D1p

X(p) =
� (N � 1)

1� ↵ (N � 1)N
+

2↵ (N � 1)� 2N + 2

1� ↵ (N � 1)N + (N � 1)

2
D1p.

✏ ✏ > 0

1�F (")
f(") = ↵" + �

D(p) = �D1p

N(N � 1)� + 2D1p = (N � 1)

2p"0 + " [1�N(N � 1)↵] .

a"+ p"0 = g(p)

a =

1� ↵ (N � 1)N

(N � 1)

2

g(p) =
N

N � 1

� +

2

(N � 1)

2
D1p.

pa�1

a > 0 ↵ < 1
(N�1)N pa" (p)

p = 0

"(p) = p�a

ˆ p

0

g(t)ta�1dt.

a g(t)

↵ < 1
N(N�1)

H 0
(") = N (N � 1)↵ < 1

✏ ✏ > 0

N = 2

S(p) =

Q (p)�X (p)

N > 2 ↵ < 0



N = 2 ↵ � 0

|D0|
↵

Q0
(p)

↵ =

1
(N�1)N

8N > 2

↵ ! �1 NQ (p)! � |D0| p
↵

X (0)

NQ0
(p)

↵ � 0

↵  0
h

0, �
|↵|

i

↵

↵ � 0 ↵



L

L =

�2
(1� ↵ (N � 1)N + (N � 1)

2
)

2

4D1 (1� ↵) (1� 2↵) (1� ↵ (N � 1)N)

2�1/↵
.

N Q(p) = " � D1p

P (") =

(

A ("� "0) " > "0
0 "  "0

"0 ⌘ ��

↵� 1
N(N�1)

A =

1�↵(N�1)N+(N�1)2

2D1

"

L (") =
P 2

(")D1

2

=

(

A2D1
2 ("� "0)2 " > "0

0 .

L = E" [L (")] =

ˆ "

"0

L (") f (") d".

H(x) f(x) H(x) = ��2

(↵�1)(2↵�1)(
↵x+�

�
)

2� 1
↵

H 000
(x) = f(x)

L = [L(")H 00
(")]""0 � [L0

(")H 0
(")]""0

| {z }

=0

+ L00
(") [H(")]""0

= �A2D1H("0) = A2D1�
2 (1� ↵N(N � 1))

1/↵�2

(1� ↵)(1� 2↵)

↵ < 1
2 " = ��

↵
↵ < 0

" = 1 " L002D1

A =

1�↵(N�1)N+(N�1)2

2D1

N ! 1 ↵  0

1�↵(N�1)N+(N�1)2

(1�↵(N�1)N)1�(1/2↵) N

↵ > 0 N ! 1



N = 2

Qtot = 2D1p.

Qtot = " � D1p PCournot (") =
"

3D1

"

LCournot (") =
P 2
Cournot (")D1

2

=

"2

18D1
.

LCournot = E" [LCournot (")]

LCournot = L00
Cournot(") [H(")]"0 =

1

9D1
H(0) =

1

9D1

�2

(1� ↵) (1� 2↵)
.

L

LCournot

= 9

(1� ↵)2

(1� 2↵)2�1/↵
,

N = 2













↵ 2
�

�1, 12
�

9

(1�↵)2

(1�2↵)2�1/↵ > 1

9 exp(z(↵))

z (↵) = [2 ln(1� ↵) + (

1

↵
� 2) ln(1� 2↵)].

↵ = 0 z(↵)
z ↵

↵2
(1� ↵)

dz

da
= �2↵� (1� ↵) ln(1� 2↵)

x
1+ 1

2x
< ln(1 + x) x > 0

x
1+ 1

2x
> ln(1 + x) � 1 <

x < 0. dz
da

> 0 .5 > ↵ > 0

dz
da

< 0 ↵ < 0

z ↵ = 0

z (0) = �2 9ez(↵) 9e�2

↵ 2
�

�1, 12
�

⇠(N,↵) =
1�↵(N�1)N+(N�1)2
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